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NOMENCLATURE

area of beam cross-section

- amount by which beam ends are moved together

end shortening which first produces beam buckling
Young's modulus of beam material

average zero-crossing frequency of beam

distance from centroidal axis to outermost beam fibers

moment of inertia of beam cross-section about centroidal
axis perpendicular to plane of bending

nondimensional impulse pressure loading '
beam length

axial load, positive in compression
axial compressive buckling load of beam
initial axial compressive 1oad in beam

nondimensiunal axial compressive load parameter ( -é}—ﬁ

N L
nondimensional initial compressive load parameter (—2——)

urniform tranverse pressure
nondimensional transverse pressure parameter (—g EIr )

nondimensional time average of random pressure d1str1bution
radius of gyration of beam cross-section (VI/R)

power spectral density of white noise pressure history
‘nondimensional power spectral density parameter

(‘7‘2— ;T S :

alternate power spectral density parameter (—5-7%;;

& |

time

nondimensional time parameter (-Z\J[;Kt)

beam deflection from buckled equilibrium position
ampiitude of mth term in Fourier series expansion of w
amplitude of initial buckled shape

static deflection of buckled beam from straight reference
axis
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Wo W
nondimensional deflection amplitude parameters (79.-$?)
distance along beam

viscous damping coefficient of beam material

additional changes of horizontal length of the beam if
the ends were unrestrained

initial change of horizontal length of buckled beam
chainge in axial load due to beam bending
Kronecker delta (=0 if m#n, =1 if m=n)
2 .
. R R . L
nondimensional viscous damping parameter —Eﬂ——-— )
n vpAE]

density of beam material
the average stress in beam outer fibers

maximum stress in beam outer fibers
standard deviation of white noise pressure distribution

average stress parameter at outermost fibers of beam
g 2
L
(5= (2))
wE 7

maximum stress parameter at outermost fibers of beam

o 2
(5
wE
' . L4
N e 4 %
nondimensional standard deviation parameter (—g +7—)
w r

static stress parameter for initially buckled beam
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INTRODUCTION

Aircraft structural components such as engine air intake ducting
and rear fuselage and empennage structures which are located in the vi-
cinity of jet engine exhausts experience combined heating and random
dynamic excitation which result from the acoustic or pseudoacoustic
noise emitted by the jet efflux. In addition, in the VTOL and V/STOL
operational medes of projected advanced aircraft, combined thermal and
acoustic environments can be expected in areas of the wing and/or fuse-
Tage structure — the locations and magnitudes being highly dependent

upon vehicle/engine configurations. The combined thermal-acoustic en-

“vironment can aiso occur in different operational modes of re-entry

vehicles such as the space shuttle.

A completely rigorous analytical method of obtaining the combined
effects of thermal and acoustic loading is unavailable. Therefore, pre-
sent design practices rely heavily on component testing in a simulated
envirionment. Such tests, however, which are more in the nature of qual-
ification tests, generally do not yield quantitative data. A program to
obtain a better quantitative mi asure of the effects of the thermal-acoustic
environment has been described in reference 1. Among the qualitative phe-
nomena which have been revealed experimentally by that investigation is

that there are limited ranges of temperature and acoustic environment which

- cause violent oil-canning vibrations of plate structures. If the cound

pressure level of the randor acoustic environment is kept constant and the
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steady-state temperature is increased, the RMS strain response was ob-
served to increase slowly until some "critical® temperature was reached
beyond which oil-canning vibrations occurred and the RMS strain responsel
increased rapidly at first. As the steady-state temperature was further
increa;gd, the RMS strain response reached a peak value and then decreased
rabidiylto some value Tower than the pre-critical level. The large stress
reversaf; that occur during oil-canning vibrations in sufficiently high
intensity acoustic environments can lead to early fatigue failure.

The phenomenon is readily explained in a qualitative fashion as a
consequence of buckling of the plate due to the thermal environment. As
the steady-state temperature and the inplane compressive thermal stresses
increase, the stiffness of the plate decreases until buckling occurs. If
the tem, ature is somewhat higher, the plate would be in equilibrium in
slightly deflected positions on either side of the flat reference position
and the acoustic load causes oil-canning from one to the other. As the
steady-state temperature and hence the amplitude of the static buckled con-
figureétion increases, howéver, the energy level of the acoustic loading
becomes insufficient to produce oil-canning vibrations. A quantitative
description of this phenomenon and of the regions of critical thermal-
acoustic environment interaction is lacking, however.

Although the experimental data obtained in reference 1 were used to
define a region of instability, the data are insufficient to inspire con-
fidence in the accuracy or reasonableness of the semi-empirical criterion.
The implication of this criterion is that oil-canning will occur only

when the amplitude of the buckle is between 1.5 and 6 times the predicted

Y A AR 'Cf'-"‘t’ L R IR DRl R I IR N s "
N "'"'|"'$PE‘ R T N R R T o L N I
e b T TR S AR W R ) ",.L'EL NS NI PSPV ARV SN ~:.'~§,‘Ll~,‘;:rfi£}'i‘,\::.';“v':lf.‘fi&‘,",--‘:vz

— - g i e v e = T T
SN NI S0, -, SR A2 oAy R b -5 i W Rt RN DAl A, il ML A s S S b i S

TS 1:‘_773

R SN T s

B PGt D x T AR ® | Xl Al amemr Ka .

E

e

Tl it

Bkl ! M o mm——— e - — i - T A



RS T TN T T T Rl Al 4 el

RS VLI SR A D S A A R i T i a s/ R St e fi 2 I Tl T TN, T S W T g e . .

RN = T A e T T N e W ¥ o W U T 00 0 i P T G P NS T s e g
- - - . - L I e T " »

RMS deflection of the uncompressed plate under uniform random pressure,
. provided the RMS deflection is greater than 0.3 times the plate thickness.
While the upper limit is possible, there does not appear to be any val:d

reason for the lower limit to exist. Since the RMS value of deflection is

roughly related to the square root of the power spectral density of the

Rl .t LR CLUL R W T T T S N R R R e S

- laoding intensity, the criterion would appear to preclude snap-through for

r WV §

very high loading intensity.

A perusal of the literature indicates that the only analytical inves-

tigation of a similar problem is available in reference 2. Here the in-

LR SR I

terest centers on the time required for the maximum deflection of a simply
supported curved arch to first reach or exceed a certain critical value.

The methdd used in reference 2 can be described as an “experimental" one

since the equation of motion of the arch, represented by that for an equi-
valent single-degree-of-freedom system, is integrated numerically for load-
ings given by a random-number generator. Enough of these numerical experi-
ments are conducted to yield a curve'of the probability of first-passage
snap-through at a given time as a function of time. The response of axi-

ally compressed initially buckled beams to deterministic transverse load

has been discussed in a number of papers. The buckling and snap-through
behavior of steep buckled simply supported beams under concentrated and
uniform static transverse loading is investigated in reference 3. The

' snap-through of shallow buckled clamped beams due to harmonic support
excitation was studied in reference 4. In references 5 to 8 results for
the small large amplitude free vibrations of buckled beams are given. The

response of such structures to random loading has not been studied how-

ever.
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In view of the meager available literature on the problem, an inves- 'ﬁg

tigation of the response of initially buckled beams was undertaken through ;3

AFQOSR Grant No. 79-0013 with the University of Southern California. The Li@

o

present report describes the work done toward further understanding of the Z;i
phenomenon. A number of investigations were carried out and ave presented . -

»
Pen

P s
. ~ .
LIPS N S APy

as separate sections. Included are investigations of the dynamic buckling

-

N
i

of initially buckled simply supported beams under deterministic load, Monte
Carlo determination of first snap-through probability, calculated RMS re-
sponse under simulated random loading and comparison with the results of
the method of equivalent linearization. Equivalent linearization and ac-

tual experimental results for clamped beams are also given.
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Chapter 1
EQUATION OF MOTION

The equation of motion of an initially buckled beam is derived herein

under the assumption of small straians, moderately large deflections, and
d negligible longitudinal inertia. A more rigorous derivation incorporating
very large deflections and strains is given in reference 9 but is consid-

ered to be impractical for computational purposes.

Consider an initially straight beam whose ends are brought together
a certain amount, d. If d is lers than a critical value dcr’ the beam is .
compressed only and does not bend. The axial éompressive Toad No in the '

beam is less than the Euler buckling load and is given by

P 7.._\." CRCR
s « R

= gAd
If, however, d is greater than d .. the beam buckies with a deflection gﬁ
i
ws(x). For reiatively small buckle amplitudes the axial compressive load ‘Ej
No remains constant at the Euler buckling load Ncr' o
For a simply supported beam the Euler buckling load is given by gﬂ
N
2
n El
i
. 4]
The initial buckled shape is a half sine wave Eg
) - . TX o
W = Wy sinT- (1.3a) %

. m"' s

A
a2l

with an amplitude approximately given by

[82]
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wo E-VE(a-ach (1.3b)
and
' 2
g =10 (1.3c)
cr E:?

If the beam is clamped at both ends the Euler buckling load is now

2
. WTEl .
Ner = =7 (1.4)

The initial buckled shape is given by
W
=0 Znx
w, == (1-cos L ) (1.5a)
with an initial amplitude given by Eg. (1.3b) where now

41
d -—"—2- | {1.5b)

With the ends of the beam now fixed in the compressed position, the
beam is next subjected to uniformly distributed time dependent loading

(Fig. 1). The equation of motion of the beam, including viscous damping,

is given by
a‘(ws) Naz(wws) Aa2w - . (1.6)
+ +p +p-+p = .
ax? axe até ot

where w is the additional beam deflectiorn and N is the axial compressive

force exerted on the beam by the supports.
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The change in the axial cumpressive force from its initial value Ny
. is determined by the additional stretching or compression the beam under-
goes during its motioﬁ. The amount by which the ends of the beam move
together prior to motion is equal to the sum of the change of length due
to ﬁhe critical load aﬁd tiie amount by which the ends move together due
to beam bending. Thus

L N
NOL 1 (dw )
ALog-m"" '2'0 'y dx (1.7)

where Wg vanishes if NO is less than Ncr‘ With W, given by Eqs.(1.3a) or
{1.5a), Eq.(1.7) yields the result of Eq.(1.3b). When the beam deflects
from its static position, the beam ends wouid tend to move, were they not

fixed 1n positicn. an additional amount equa1 to

J “L*’zf % (o)) (f;—-)z}dx (1.8)

This change of pcsitioa must be negated by stretching the beam by an ax-

ial tensile force given by

i S , dw,
& - EASL . EA ] swfow .
q AN = =¢ z‘ffax( z“ax) (1.52)
. 0
Thus
N=Ny-3r (ax x) (1.5)
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For a simply supported initially buckied beam, let the additional dy-

- namic deformation be given by

W= Elwmsin@fx— (1.10)
m=

Then the equations for the time dependence of the coefficients W, may be

obtained by substitution in Eq.(1.6) to yield, in nondimensional form,

dz‘ d'n .
:;7? i (=R )mé (W g6 ) = - %- m=1,3,5... (1.11a)
dz' d
- :Ez-+p37-+(m-ﬂwlw m=2,4,6... (1.11b)
: _withr
N o= g+ 395- § T 2, +igp, ) (1.11¢)

The nature of the equations is best illustrated by considering only

the term for m equal to unity. Then Egs.(1.11) reduce to

dz_l _dwy
-(?['-2— bt t g 1( 0)(w +2w ) = -p (1.12)

which is of the form of the equation of motion of a mass-spring system
with a nonlinear spring stiffness. The restoring spring force is shown
as a function of ﬁllio in Fig. 2. The spring resistance is of the sof-

tening type as &1 decreases from 0 and is actually destabilizing when
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the beam becomes susceptible to snap-through from the buckled position on
one side of the initially straight axis to the buckled position on the
other side. Thus the beam would be expected to vibrate about the static
buckled position for small excitations but to snap back and forth between
the two equilibrium positions for larger excitations.

The succeeding chapters describe various investigations performed

with the use of these equations.
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h  DYNAMIC STABILITY.QF SIMPLY SUPPORTED INITIALLY _ﬁ
ﬁ - BUCKLED BEAMS UNDER DETERMINISTIC LOADING T
k‘ In order to get some idea of the order of magnitude of pressures to . b
% ‘ A. e
§ be considered, the dynamic stability of initially buckled beams under de- o
X i
1 terministic loading is investigated first. The analysis of snap-through 5
? under time-dependent Toading is approximéte<and is similar to the inves- -%;
§ tigation presented in reference 10 for shailow arches. The theory is lim- ffﬁ
'f ited to consideraticn of & single term in the series expansion of the de-

g flection function for symetric srap-through and to two terms for asym-

metric snap-through. In the latter case the zssumption is made that the

e

minimum critical pressure is that for which the trajectory of motion pass:s
through fhe saddle-point with zerc velecity and is equivalent to an energy |

criterion for instability. The accuracy of the limitation of the defiec-

T R N —
A Ty e o r—i

tion function and of the energy criterion has been investigated for shaliow

R
S

arches in references 11 and 12. It was concluded that while the accuracy of

the results is limited, especially in the case of impulse type loading, the

E numibers obtained are reasonable "bail-park" estimates of critical pressure

5 loadingg and require, of course, considerably less computation than that

§ ‘involved in step-tiy-step integration of the coupled equations cof motion

% for multiple series tewvms. . %ﬁ
| For the investigation of dynamic stability of initially buckled simply 2%%
? supported beams under deterministic loading, Eqs.(1.11) are used with the i 'E%
: ' damping parameter taken as zero and only Ql and ﬁz retained in the infi- ;QS
: nite series of Eq.{1.10). Then the pertinent equations of motion reduce @%
} to ~ . »

TN >
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2-
dw

1 . =, 1, =yr=2 ;= ,= 2 ,-2

—g'r?_ = -pt I(wfch[wo-(wfwo) '4'“2:l (2.1a) %

2- .
d"w

2 . ;o2 fmoam 2 42 - / N

With these equations, a number of approximate, but reasonably accurate,

results may be obtained for scme deterministic loadings of initially

ouckled beams.

-
L Wt

v »

»Ca
S TR T

2.1 Static Buckling

- -
"

1f dynamic effects are omitted, the symmetric lcad-deflection re-

Ty
I3

N

sponse of the beam is given by Eqgs.(2-3a) as

o

Y

[ g

B = (g} [~ (4]  (2.2)

"

S
2
¥
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yielding a center deflection which decreases from ;0 as p increases from

coviaerg.  The Toad reaches a maximum when

S

x

x

P

(2.3a)
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5w gy - O Wo-3 (W, W)
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At this value of load the beam snaps through to an equilibrium position

on the other side of the unbuckled beam axis.

Bl

[ 3
'3

.
"

A solution incorporating all of the symmetric terms of E£q.(1.10) can

L

XA

AN

i‘ be obtained as well. Equations (1.11) for the static loading becoe

4P
I HAY

(ﬁ-l)(ﬁoﬂ'ul) = p (2.5a) .

’; | (Rafni =B  m=3,5,... (2.5b)

SRR e L sy

Solution of Eqs.(2.5) and substitution in Eq.(1.1lc) then yields a trans-

I D

cendental equation for N as
- 12 122 = 1
N=1le= 3w, - 3p" 2
%72 T35 (Hend)ond
2 =21 .2 tan \/—
1-2 = n 1 K 211
1+ FWS - O + ={4-5 —E— +sec*T VR (2.6a)
‘I 0~ €f R 6 0§ %‘/ﬂ
or '
| i} 1.2 ¢
T
2 tan"'/ﬁ =
I'G- + %- 4-5 __ﬁ_?_'_ + seczg N {20
N z

The maximum value of p occurs, for a given value of v'ao, when dp/dN

varishes or when
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1 + z‘wo = N - .
Tealn: LY A =

1 2—\l§tan ZVN ':J‘

2 " .e tan VN e
forfooy 2 yage. BB
N %\rﬁ : cosz‘%—‘ﬁi_

TR R TR

L % 2

+3 1

3 SIRTAEY
ol Yt

(2.7)

Equations (2.6b) and (2.7) are thus parametric equations for the maximum
value of p as a function of QO.'

Rather than solve Eq.(2.7) for given values of WO,:the error of the
approximate solution given by Eq.(2.4) may be indicated by'assumﬁng val-
ues of N and talculating the correspording value of io from Eq.(2.7).

This value of Go is then used in Egs.(2.6) and (2.8b) to obtain approxi-

-
-
Coltal

AT

‘mate and “"exact" values of 5max’ The range of values of N that may be

considered in Eq.(2.7) is 1sN<7,4981. At the lower limit Wy is equal

to zero, while at the upper 1imit the denominator of the right side of

Eq.(2.7) vanishes so that Go is infinite. The results of calculations
made with Egs.(2.4), 2.6b), and (2.7) are snown in Fig. 3. It is read-

ily seen that the one term approximation and the exact solution yield

o
ot

R ~x e e
ENRM ¢ | APGOAIIMS

ry

almost identical results so long as QG is Tess than about 6. For large

values of io the exact solution is approximated by ET

P = 5.856 W, (2.8) :1

3

so that the exact and approximate solutions rapidly diverge. i

i

- As,v'u0 increases it is possible that buckling may occur in an anti- ?E
- L

symmetric mode. The equation of motion for w, is given by Eq.(1.11b) I
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—5 = 4(N-4)w, (2.9)

So long as the coefficient of GZ or the right side of Eq.(2.9) is neg-
ative, a small antisymmetric disturbance remains small; when the coef-
ficient becomes positive, however, %:e antisymmetric motion is unstable.
Buckling in an antisymmetric mode thus can first occur if the coeffi-

cient of QZ in Eq.(2.9) vanishes, i.e., when

N=24 (2.10)

for which the critical value of p is given by Eq.(2.6b) as

p=\/W-12 —T— = 2.9933\/W5-12 (2.11a)

Equation (2.11a) is valid if the value of N is iess than the value at

which snap;through occurs. Then Eq.(2.7) with N equal to 4.yie1ds

2 "
- 87+8n :
W > 2\/5 = 4.2477 (2.11b)
0 1054802 >

The one term approximation yields the result _ 3

p = 3\/53-12 (2.12a)
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r':o > V18 = 4.2426 (2.12b)

which is in excellent agreement with the exact result.

It is interesting to compare the values obtained above with those of
a shallow arch. which has a built-in initial shape identical to that of
the buckled beam. The analysis of reference 10 yields the following cri-

tical pressures:

3
RV ]

p= W‘o"' 2\~ 2<w0<J2'2' (2.13a)

b=wy+3 ag-ls o> V22 (2.13b)

For Qo less than 2, there is no snap-through and hence no critical pres-
sure. The two sets of results are shown in Fig. 4 where it is seen that
the buckled beam has a critical uniform pressure which is always less than

that of the shallow arch. For values of Go greater than about 4, the cri-

tical pressure of the buckled beam is about 25% less than that of the arch.

If fvo is less than 4 the ratio of the critical load of the buckled beam to
that of the shallow arch decreases. If Wo is 2, for example, the ratio

is equal to 0.385.

2.2 Dynamic Buckling Due to Step Loading

Consider now the situation that occurs when the constant pressure is
suddenly applied. If th: deformation process is symmetric, with p con-
stant & first integral of Eq.(2.1a) subject to the initial conditions of
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o W == 0 (2.14a)
;Eﬁ is given by
e '
Lﬁ}‘:’
2 Y\ Y I, |
% 2 ar = -Wl - R' wo‘(wlmo) (2.14b)
3
gﬁ The minimum displacement is obtained when dﬁi/dT vanishes. Thus
. - \3 - \2 -
" A W w
& ol 2)eaf L) eaf 2 (2.15)
"if-z: %o %o “o %
ﬁ; The curve of 165/&3 versus GI/WO has a relative maximum at
L..2 (2.16a)
%o
at which
bk (2.16b)

"For p less than that value, the beam vibrates with a minimum total dis-

placement on the same side of the straiiht axis as the initial buckle.

Thus the critical value of p is given by Eq.(2.16b) which is 23% less
than the value for static buckling given by Eq.(2.4).
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For p greater than that value, the beam has a minimum displacement which

is beyond the buckied equilibrium position on the other side of the axis.

It is possible, however, for dynamic buckling to occur by a combina-

tion of symmetric and antisymmetric motion. In this case the equations of
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motion are given by Eqs.(2.1a) and (2.1b). A saddle point in the trajec-

k. tories of constant potential energy occurs when the right sides of Eqs.

R (2.1) vanish, yielding
a -Lv.‘ = 15 (2 17a)
¢ "1 3 )
2 ( 7
z- Wo g-P -12) (2.1 b)

If Eq.(2.17a) is multiplied by dﬁl. Eq.(2.17b) is multip]fed by dﬁz
and the two are added, a first integrai of the motion satisfying the ini-

tial conditions of zero velocity and displacement is

N2 /o \2
dw dw y I
%[('&Tl‘) "('a'rz‘) ]' Py - TG[“o (g#iy)?| -z

1 2 2
'2' [0 (WO"‘WI) -IZJ (2.18)

The minimum pressure for which snap-through will occur is that for which
the trajectory of motion passes through the saddle point with zero velo-

city. The substitution of Eqs.(2.17) into the right side of E£q.(2.18)
then yields

2

from which the critical pressure is obtained as

p = 3(wy - v6) (2.19b)
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The negative sign in Eq.(2.19b) is determined from the condition that the
right side of Eq.(2.17b) must be positive, which also yields the result
that Eq.(2.19b) is valid enly if

W > %\/s‘ (2.20) .

KL AR A E T AT Ei:ki.iiﬂ&’;h};f,;’;;

At the value of io given by Eq.(2.20) the critical values of p given by

H.,__
T

PRL ST ey
SoFILIR S A i e Y

Eqs.(2.16b) and (2.19b) are identical. It is interesting to note that
as \740 increases, the critical step pressure approaches the critical static
pressure. The ratio of the two varies from 0.77 for low values of GO

(v'10< %/5) to a minimum of 0.71 at ﬁoszJE and thenceforth increases to

O,

4

unity. For v'io equal to 10, for example, the ratio is 0.80.

TR e

e,

Equivalent critical pressures for the shallow arch may be obtained

from reference 10 as

L, ot
s e

e

TRELTS
F- -4

3
] R 5 » -
b= 217[w3+18w0+(wg~6)7] 3V6> > V6 (2.212)

B = 4(iy-/6) 'a0>§;/é“ (2.21b)

These are compared with the values given by Eqs. (2.16b) and (2.19b) in

;(1 Fig. 5. It may be seeu that the ratio of the critical pressure for the
” initially buckled beam and that of the shallow arch varies from 0.5 at
o - - 5

X wg vé to 0.75 for Wy > §f6'.
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2.3 Dynamic Buckling Due to an Impulse Load

N

. .
[N

angider now an impulse load given by

B R

o
=

- 5
5 = 1a(T) (2.22a) 3
% where 6(T) is the Dirac delta function. From Eq.(2.1a) the initial velo- -
. city of the symmetric mode of deformation of the beam can be found to be o
i, . ;
ET’ ® o] (2.22b)
. Integration of Eq.(2.1a) with p equal to zero and subject to the initial ;
. “;‘:‘::, condi tians “ | | '
; Cord . - 5
Codw -
;% ar =<l w; =0 - (2.23) f
‘ ~\.‘.,yf%'§f y1e1ds the ve]qfity as ‘
S IR i BT ¥ P 22 (2.24)
3 ) o §1'"M17M0" ™o )
i ‘The beam reaches fts -minimum position when d&lldT vanishes at
3 (w1+w0) = wo-ZJfI (2.25)
o Snapethréugh will not occur so Tong as the minimum value of ﬁ1+ﬁo is . :
greater than zero. Thus the critizal value of I is o)
-2 5
- W a
0 I‘-E
P (2.26)
ce 2&‘ A
','“1
24 i
¢
. q
R

- . - PR Sy



If motion in an antisymmetric mode also occurs the equations of motion

are given by Eqs.(2.1), with p given by Eq.(2.22a). A saddle point now oc-

curs when
. ﬁoﬂ'wl =0 (2.27a)
- -2 1.2
W, I(w0~12) (2.27b)
R The first integral of the motion satisfying the initial conditions
. | ?_‘il; = -i. - - dﬁz
,‘ T 0 W1 = WZ = “‘d‘T— = 0 (2.28)
@ is now
B! dw dw -
. 1 1 2 e 272 _ 1 4R 4= = 2 -4
o 7 (*ar)*(*ar) R {Wn (wg+iiy ) } - ¥y
"‘ ‘ + Lt fv2-(ﬁ' W )2-i2 - (2.29)
‘,‘;:: : 'f 2 0 O 1 '
W '
j Snap-through will occur if the trajectory passes through the saddle point.
This will occur at a minimum impulse of
: SRR ()
: 1= 3(w0-6) (2.30a)
Coe Equation (2.27b) indicates that this solution is valid if
S N Wy > 273 (2.30b)

The corresponding expression for mixed mode buckling of a shallow

arch can be obtained from reference 10 as

N
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1= 3 a3+40§§-32+a0(ﬁ§-16)3/2 V2> > 4 (2.31a)
= 1 ,-2 - .

T=4y/% (52-6) Wy >3VZ (2.31b)

The results given by Eqs.(2.26) and 2.30) for the initially buckled
beam and by Eqs.(2.31) for the shallow arch are compared in Fig. 6. For
sufficiently large values of the initial amplitude, the ratio of the cri-
tical impulses is given by ' '

Iinitial[y buckled beam _ 0.75 . (2.32)
I

shallow arch

2.4 Lowest Free Vibration Frequency

A final result that may be obtained is the lowest free vibration fre-

qhency of symmetric motion.
" Let the. beam be displaced and initially held at rest so that at time

T equal to zero

w;(0) = W,y > 0 (2.33a)
dw, (0
—-‘-’%-f.—) =0 (2.33b)

Then the first integral of the equation of motion is given by

4

- \2
d #
('Elv"fl‘) - %[“7’10*'-‘0)“('_"1*"70)2:][(ﬁlﬁo)2+(ﬁlo+ao)2-2ﬁ§} (2.34)
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W
7= _‘/7_ F{sin! [2|1- ~ 0_ ], sin7 % . \2 >
%10"% 1 \M0™/ - | 1( 9 )
A | “10%o /|
(2.35a)
if’y10<(v/2-1)w0. and
| | . _q WytW
Te= 1__.5.._2.F sin"l — 1 = cosl_1 _0
- 2 - - Wy tW
W10"
(2.35b)

if §10> (V2 - 1)&0, where F(a,8) is an elliptic function of the first kind.

The nondimensional period of vibration is then

— 2
"5 W
AT = -_-?l'-@—- Kgsin-l 2|1-| - 0_ (2.36a)
R T l "10"%/ |

2 ___ kksin” (2.36b)

T 2o
\/ ¥10t%) Ko

AT =
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if wlozi(w/é‘j l)wo. with K(x) the complete elliptir *unction of the first “j

3

kind. Since the nondimensional period AT is 2n for a straight unloaded q

A'-j

simply supported beam, the frequency ratio may be written as ;:g

h

&

. . | q
"—f:—"—' RN § P -:lg K sin'l 21 -——1—_———2- (2.37a) if-g

. faw, V2 W W y
0 0 0 1+ 10 l"

— "

Yo N

for \7110/\740< vZ2-1, and

- 2
LEERR /1+¥9- -1 /k\sin? 1 (2.37b)
fo V\ % 21—ty
%o

for \7410/\740>\/§-1. The results of these equations are shown graphically in
Fig. 7. Note that the frequency vanishes when Gm/ﬁo is equal to v2-1, but
is extremely sensitive to amplitude of vibration. Identical results are
implied by the analysis of reférence 2 for clamped buckled beams.

If ﬁlo/ﬁo is less than v2-1, the beam oscillates about the buckled po-
sition with the minimum amplitude given by the value of ‘:'1 for which the

argument of the elliptic integral in Eq.(2.35a) becomes equal to 90°. Then

W = \2 :
1. / W é
~ —~min . o 1+ 20) (3.38) 1
W, Wy | ;}

3

re

For \7:10/\'«0> vZ2-1, the beam oscillates about the straight beam axis with its
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maximum negative deflection from the horizontal equal to the maximum posi-

tive deflection. These results have been derived in somewhat different

form in references 5 to 8. The present form of the results is more com-
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Chapter 3
DYNAMIC STABILITY OF INITIALLY BUCKLED BEAMS
' UNDER UNIFORN RANDOM PRESSURE

An important consideration in the study of critical random loading

of initially buckled beams is the definition of what constitutes insta-

bility and the method of calculation of that critical loading. If it is

supposed that for low levels of spectral density of-1bading.the beam vi-
brates about its buckled equilibrium position while at high levels of g
spectral density the beam snaps-through repeatedly and vibrates about its
straight zero-deflection position, then presumably there is a critical
value or range of spectral density value for which snap-through is first
initiated.

 In reference 2 the similar problem of snap-through of a shallow circle
under random loading was studied by means of a one term approximation to
the deflection function. With such an approximation it is possible to draw
curves of constant energy and to define a critical value of energy which
divides stable and unstable regions. The structure is then said to becohe
unstable when the energy content, the sum of kinetic energy and strain
energy of the structure, becomes equal to or exceeds this critical
value. WKhen many terms are considered an energy criterion is not readily
discernible. Thus an alternate definition of instability is taken herein
as the center deflection of the beam becoming less than zero. Such a cri-
terion is implicit in th2 derivation c¢f critical pressures for beams sub-

Jjected to step-loading and impuise loading.
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Hith this definition of instability it becomes necessary to integrate £E
.
the equations of motion of the beam. The equations of motion for symme- !ﬁ
i
tric motion of a simple supported beam are given by Eqs.(1.11) as ;g
. 2
% i
—7 *hqr ¢ L 10 (2n-1) 2 gy ) 3
-'2-"'%1- ’ m=1,2.3,.... (3.1a)
N o= Ry 3 - 7z (2n-1)2(€rn+ﬁ06n1)2 (3.1b)

ol

L ‘("l ¥
2

To integrate these nonlinear equations of motion, a fourth-order Runge-

R

Kutta method of numerical integration (reference 13) was used. A random

loading function having a Gaussian distribution with a mean of zero and

s

gy
PPVl & o

e T

a specified deviation 60 was generated. The 1oading function consists of
steps which are constant over a given constant increment of time AT. A

typical generated time history of loading is shown in Fig. 8. The statis-

;.l RAGLY
& el

tics of the distribution have been studied in references 2 and 14 from

_,"“
LI PR N

which the value of the power spectral density parameter can be determined

as

AL - i

<

. [

Sp = GAT (3.2) :

In the numerical integration process, the constant integration time step oy
was taken as some integral division of AT, generally AT/5. The number of N
terms in the Fourier series expansion of the deflection function was taken &3
as three in all cases. Ei
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In the analysis of the response of a structure to random loading, the
results obtained can only be presented in the form of probability distri-
butions of certain events or as averages of certain quantities. A specific
response case is of interest only for its contribution to the probability
distribution or average rather than for the details. This is illustrated
in Fig. 9 where three diffe-;ent response-time histories are shown for dif-
ferent loadings having_the same power spectral density. One case snaps
from one buckled position to the other repeatedly within three periods of
lowest unstressed beam frequency, another meanders and snaps through only
at the end of the third period, while the third exhibits an intermediate

behavior. A first attempt at obtaining crucial data was to calculate prob-

o

3PS s PP S P W RIAA NG i § TIPS IP ISV S o R SirL AT RR N i St

ability curves for first snap-through of initially buckled beams, the so-

o

called "first passage" problem.

ad WS

3.1 Monte-Carlo Determ1nation of First Snap-Through
robab111tz

‘The technique used to obtain probability curves for the time required

for snap-through to occur was to assign a value of the buckle amplitude ﬁo,

the time step 4T, the damping coefficient u, the mean load value 50, taken
as 0.0 in all calculations, the standard deviation of the load history 56,
and an arbitrary "seed" value IX, an integer having ten or fewer digits.

The equations of motion were 1ntegrated until the total center deflection
changed sign or until the maximum va]ue of time that was chosen to be con-
sidered was reached. The time interval in which this occurred was recorded.
The random number generated “seed" value at this time was then used as the

starting point for the next run. This procedure was repeated 6000 times
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Fig. 9. Typical Response-Time Histories for a Beam Subjected to
Different Loadings having the same Power Spectral Density
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for each set of values of the parameters. In all cases, the initial val-

:
n
¥
]
o
=

ues of the Fourier sereis terms and their first time derivative were taken

as zero. The end result of these runs was a probability versus time curve

for "snap-through" occurring in less than the stated time for a particular
. set of parameters. The self-contained computer program for this process

is given in Appendix A.

In Fig. 10 and Table 1 are shown the results obtained for zero damp-
ing and various values of the initial buckle amplitude ratio ﬁo and power
spectral density parameter §0. Although the curves were obtained for AT
equal to 0.10 in all cases, the probability curves for other values of AT
and ¢ yielding the same vailue of §0 should be similar as indicated by the
results shown in Table 2. The variation of the probability of snap-through
occurring in less than a given time for a beam with a given buckle ampli-
tude increases, of course, as the power spectral density increases.

The results of Fig. 10 do not readily indicate any re]atiohships be-

tween the sets of curves for various values of initial buckle amplitude

These relationships, however, may be deduced from consideration of

W,.
0 ‘
Eqs.(2.1) when only one term is retained in the infinite series, i.e., [
o
ha
2\- - ,;.
d W, dw1 1 o pe e e e - :
§
’ If Eq.(3.3a) is divided by Gg the following is obtained ;1
a1 W _ '
W W W, /W W = .
y 0 ,p Y 15 V", (3.3b ]
e mw:—(:— Not2)-m G 3
5 o
B o
3
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Since the first term predominates in the series, the above equation indi-
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cates that initially buckled beams having the same modified loading func-

tion B/Wg as a function of modified time ﬁoT will have nearly identical

deflection ratios ﬁl/io as a function of GOT. Since the deviation o) of
. the random loading is a measure of the load intensity, these results sug-

gest that random loadings having the same spectral density value of

-2 -2 -
0 - IPT 39

- WAT = == (3.4)

;g o Yo ;g

should yield nearly identical probability curves as a function of wOT.
That this conclusion is reasonably correct is indicated by the curves
of Fig. 10 replotted in Fig. 11. The various curves show a monotonic in-
crease of probability fucntion as the parameter SgAT/ﬁg increases. Only
two of the sets of values for different values of GO yield the same value

of the modified spectral density parameter, (a) Wy=0.5,,=0.25, aT=0.1

and (b) §0=2.60=8, AT=0.1. Where the-data for the two sets of values
overlap, the values are virtuaily identical. A comparison of the results
is given in Table 3.

The effect of damping on the probability curves is indicated by the
results given in Table 4 and Fig. 12 where probability values for a beam

with an initial buckle amplitude ratio of 1.0 subjected to loadings having

the same power spectral density parameter are shown by the solid curves.
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. The results indicate that small damping has little effect on the probabil-
el
ity of first snap-through although increasing damping significantly re- ék;
o\l
duces the probability of snap-through. The one term equation of motion, E&ﬁ
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Correlated Probability Curﬁes
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Table 3:
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Comparison of Correlated Probability Data
k=0.0, 4T=0.1

w0=95 | w0=2
on=0.25 50=8

0
(7

O

T P
cr< ‘(‘Tcr<T)

2.0 0.073 0.046
4.0 0.324 0.324
6.0 0.600  0.604
8.0 0.764 ~0.774
10.0 0.862 0.861
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Eq‘(3.3b); indicate that these curves should be nea+ly identical for beams
of different initial buckle amplitudes Qo having the same value of éo/ﬁg
GOAT. and E/Qo. Results calculated for beams with values of ﬁo equal to
2 and 10 and with appropriate values ofcoand 4 are given in Table 5 and
are shown in Fig. 13. The agreement between the various results is quite
satisfactory. '
A further correlating parameter for these results is suggested by

the investigation of reference 15 where the primary white noise spectral

density parameter S can be shown to be related to the simulation parame-

O e M e B e T U e

ters by
-2
- oAT
5.0
8y
In reference 15 the results were found to be insensitive to the additional fﬁ

parameter . It is possible then that beams of different initial ampli-
tudes having the same value of
2WAT ST
1 ¢ YT % s
E"jf) < = o=4- al
0 0
would have similar probability curves as a function of GOT. Additional

results given in Table 5 and shown in Fig. 13 indicate that this corre-

parameter is not valid, however, sinc. the curves of Fig. 13 although

coinciding quite well with the corresbonding curve of Fig. 12. In Fig.

12 the results indicate that beams with values of §lﬁg from 1.25 to =

Ly
aa

.
!
&

should have identical probability curves. This same result is apparent

in Fig. 13. In Fig. 12, however,tf2 value of 5§AT/ﬁg is equal to 0.1

IO

whereas in Fig. 13 the value of‘EgAT/ﬁg is equal to 1. Thus 6§AT/8Qgﬁ
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Table 5: Continued

- . wo-,Z
w Z 1 W < ‘ : -
O'cr” | "0cr” | 1.0.02 AT=0.05 5,*8

‘ N P(Tcr’< T)

0.0 | 2.0 80 | 0.013
2.0 | 4.0 | 1087 [ 0.195
4.0 6.0 1477 | 0.441

"~ 6.0 8.0 1154 | 0.633

8.0 | 10.0 721 | -0.753

- 10.0 | 12.0 482 | 0.834
1.0 | 140 332 | 0.889
o140 | 160 | 23| 0.924
T 716.0 | 18,0 140 | - 0.948
18.0 | 20.0 121 | 0.968
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and GgAT/Gg are apparently separate parameters which define the probabil-

-y A ot atam®

l;’.’.‘."n
AT

ity curves. The curves of Fig. 11 for i equal to O are thus upper bounds

to the probability curves for beams with other vaiues of » and should be

S na

valid for values of the modified spectral density parameter §0/ﬁg greater

than about 1.
Although the results indicate that small damping has little effect

A
LD 4l FLPIS

on the probability of first snap-through, small amounts of damping do,

R n e

however, have a significant effect on the response history. In Fig. 14

the response of beams having a buckle amplitude ratio of 1.0 but differ-

r) ‘é‘ o

ent values of the damping parameter and:‘subjected to the same load his- @

tory is shown . For no damping the beam vibrates violently with increas-

ing amplitude and increasing frequency, a phencmenon which is in accord

with the approximate variation of frequency with amplitude derived in

Section 2.4, Small amounts of damping decrease the amplitude of vibra-

B e o

"y

tion although the beam continues to snap back and forth. Finally suffi-

‘ciently large damping causes the beam to snap-through once after which

R T R Wy

it vibrates about the buckled equilibrium positions on the opposite side
of the straight axis. If the load were to be applied for a longer per-
iod the beam would undoubtedly snap back and forth but with a Tonger time
interval between the event.

The axial load in the beam while this response occurs is shown in

3
’

g
1

-——-

Fig. 15. With no damping the axial load eventually changes very rapidly

from compression to tension and back. Increasing amounts of damping tend -

to smooth out the axial load variation.
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The foregoing results suggest that while probability curves of first E;
Snap-through may be of interest they are of Tittle use in determining cri- %.
tical ranges of spectral density parameter since these are presumably de- f}q
fined by zero or small probability of first snap-through over an infinite ;;ﬂ

or sufficiently large time range. The calculations needed to produce this

< “information are quite costly since numerical integration of a large number
of cases over a very long time period would be required. In addition,
probability curves do not indicate any qualitative information about the

uﬁintensity of the snap-through motion. The results of shap-through events

| separated by long intervals of time during which relatively small oscilla-

& P ) . .
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a | tions about one of the two buckled equilibrium positions occurs will, of
; : | _‘course;'be‘of much less importance from the point of view of fatigue life
”§%' h ;than frequent and large oscillations from one buckled position to the other.
”%]f“‘ “CUAn alternate caiculation procedure yielding averages was therefore consid-
‘{i : v‘grednext as offering the possibility of more useful infonnationf
Jfﬁ ' 3.2 “Calculation of Average Snap-Through Frequency
:f? | :in‘the previous section an attempt was made to determine a critical
fi ‘snap-through spectral density parameter based on a calculation of the
f - .spectral density parameter for which the probability of snap-through was
ﬁﬁ E .‘jfnearly were for all time. A description of the behavior of the initially
;“& ? f ) buckled beam can be based on time averages rather than ensemble averages,
;% E' L ' ~ however. The computer program developed for the Honte-Carlo calculation
~f) g , ‘of probability values was modified, as shown in Appendix B, to calculate
i%{é y the response of a compressed beam, buckled or unbuckled, over any desired
f M
T L g ‘Lj
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length of time and to obtain time averages of various quantities at stated

intervals. The primary object of investigation is the average frequency '

of snap-thfough. defined as the nqmber of zero crossings N(T) of the maxi-

mum §ef1ection divided by the time T, i.e.,

F= L N(T

T4+
The procedure used was to generéte thé simulated random pressure dis-
tribution described in the previous section and to calculate the response

by means of a forth-order Runge-Kutta integfation of the equations of mo-

“tion, Eqs.(3.1),_using three modes. The number of crossings of the zero

~axis of the maximum deflection function, both from above and from below,

' was counted during the calculation procedure. At stated intervals, a time
average of the crossing rate was calculated. It was observed that this
calculated rate was reasonably constant when thg time was sufficiently long,
and that different loading sequences led to essentially the same result.
Some of the results are shown in Table 6. The time averages shown for Wo
equal to 10.0 suggest the calculation of a critical spectral density parame-
ter based on the average frequency vanishing is becoming very small since
for EO'equal to 10 the average frequency is zero whereas for*&o equal to
100 the average frequency of snap-through is 1.56. Additional calculations
were made to define curves of average frequency as a function of the spec-
tral density parameter S. These are given in Table 7 where the average
zero-crossing frequency at the end of the integrated response is shown for

beams of varying initial buckle amplitudes. The maximum final parameter
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used to calcualte the time éverages was first taken as 31416.0 (about 5000
uncompressed beam fundamental mode periods. In later calculations Tmax was
reduced to one-half and later to one-quarter of this value since the final
result did not change significantly. The first set of results in Table.7
are for an uncompressed beam'(ﬁ0=ﬂ0=0.). In this case the average zero-
crossing fréquency does not vanish as the standard deviation of the load-
ing function becomes small but appears to approach a constant value of
about 0.34. It is shown in reference 16 that a nonlinear single-degree-of-
freedom system of the DUffing type has an expected zero-crossing frequency
equal to the undamped natural frequency of the system. In the present case
the beam would have 2 crossings in a value of T equal to 2m so that the ex-
pected value of f would be 1/w or about 0.32 which is very close to the

calculated vaTue.

For other values of initial buckle amplitude the results obtained by

PE T &é - § PP

varying the spectral density parameter of the loading indicate the exis-

3 ase’

tence of a critical value below which snap-through does not occur or rarely
occurs. THe results obtained are plotted as a function of the parameter S

of reference 15 in Fig. 16.

The results indicate as in the previous section, that the parameter S

is not the sole parameter that affects the results. Many of the calcula-

CAAHR K ST IS,

F N

tions were made for ; at AT both equal to 0.1 and varying 50. which yield

L

»

single curves for average frequency as a function of S. Additional calcu-

lations for ﬁo equal to 10 and 20, with different values of p and AT

A EIFEE

x

yielded curves or points which do not coincide. The curves indicate how-

a

ever, that the critical value of S for a beam having a given initial buckle
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amplitude ﬁo may be relatively insensitive to the variation of the various
parameters.

For Qo equal to unity the critical value of §, the spectral density
parameter, appears to be very small on the order of 10'3, whereas for ﬁo
of 10 the value of S increased to about 10 and to about 100 for W, of 20.
These values are roughly in accord with the predictions of the correlating
parameter §/Gg which, if the value of S is 10"3 for ﬁo equal to unity,
would yield values of 10 for Qo of 10 and 160 for ﬁo of 20. This conjec-
ture is tested in Fig. 17 where the results for initially buckled beams
are replotted. The frequency has been modified by division by Qo, since
the results should depend on GOT. while the spectral density parameter has
been dividéd by Gg. It will be seen that thy results for the beams of dif-
ferent initial buckle amplitudes appeas to nearly coincide in the vicinity
of the critical value of §/§3. Thus an estimate of the critical spectral
density parameter for snap-through and subsequent oscillation between buckled

equilibrium positions is given by

§ = 0.001 v‘ag (3.5)

X
.
A
.



"-W.‘-r-t:::i

T - -
e T ettt

A
LR

e

IR PR R St

N W W
ORTATTTY

o

- g - —
TR (PO o et Ty Sy oide

K31suag-|e4303dS PaL)LpoY YIIM »u:m:vugu BuLSSOU)-0437 PILILPOY JO

ol ol , oL 5

LA __-:-ﬂd 1 "::-l- I ___:- | . ]

J338uedeq
uoLgeidep

-
Aw

R X
PRI
s Y e by

I Tt

62 .

PLa/(1)N

[

L

00Z:°% a
o0l:"a O

AR L e b




W W TR gL T T g P
A A T Y A A A S A G I MR T R TR AT IS AT R T S A
! RN

Chapter 4
RMS RESPONSE OF INITIALLY BUCKLED BEAMS UNDER
UNIFORM RANDOM PRESSURE

4.1 Numerical Integration Results

Although knowledge of thie critical spectral density of loading is
useful, it is also of interest to determine the expected average and root-
mean-square (RMS) deflections and stresses of the beam since these affect
the fatigue life of the structure. During the integration process which
led to the result of the maximum preceding chapter, a record was kept of
the‘RMS deflections and stresses at the beam center. The integrated de-

flections and stresses cnd their squares -over the time period were calcu-

lated using the Simpson's Rule formula (reference 17).

.4" BN ' . : \ .
P § . " e RN £

oM

Xa.. ‘
;[ Fa0dx =, FLEGHIF b ety ) 4 2(Fy4E gttty o) 4] (4.1)

X0

At stated times the average and RMS deflection and stresses were obtained

as
T 5
<ﬁ§ak>% = [%- ﬁ;ax(g)dg ] (4.2a)
0
s T 3
<(t %= l%fo (6t (e)1%s | (4.2b)
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where

n-1
- R
" 235 ...(-1) -(wn+w06n1) (4.3a)
and the stéesses at the top and bottom of the beam, considered positive if

compression, are given by

4 _x .12 1 2= o=, 32
Imax = No* T"O"Tngl’?'s'...“ (W #Wgon1 )
S ‘h - ]
. '  *‘f- 2 (-1)%n (wn+ﬁ06n1) (4.3b)

:,¢ ffTRItHwés36b§erved tha;aftéf'a sufficiently long time pefiod the averaged
''''' *’values became reasonabiy constant. The mean values calculated at the end
 (of the maximum time period considered in each case are tabulated in Table
8. Only the RMS stress having the greatest magnitude is given. For suf-
: ‘ficiently Iargevalués} of the parameter S thg two vaiues of stress were
: ”éssentially the same.
The tabulated values are shown by the indiviaual points in Figure 18
~ and 19 together with some theoretical results. which will be discussed

. 1éter. The rest” ts exhibit remarkably little scatter and thus indicate

fthe very primary importance of the spectral density parameter S and the

ém‘ N ijQSSer {mportance of the damping parameter i.

?ﬁ | o o The results also indicate, as would be expected, that the effect of
initial buckling becomes less important as the spectral density parameter

?3 inbreases. The deflections and stresses are then large enough for the

beam behavior to be similar to that of an unbuckled beam under large load-

ing. The RMS deflections appear to first decrease as the spectral density

= o .

_ seTa - Sisuee o -
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Table 8: Simulated RMS Values

G’O 60 o b S <‘7'r?1ax>15 <5§1ax>;i
0 0.00 0.1 0.1  1.25x107° 0.07 0.13
1.00 1.25x107"  0.60 1.14
10.00 1.25% 10 2.91 7.14
- 31.62. 1.25x10°  5.27  17.40
£100.00 1.25x10° 9.3 43.07
316.22 1.25x10"  16.05  106.8
1000.00 VY Vv 1.25x10° 25.96  267.1
1 001 01 01 1.25x107 099 271
- 0.32 1.25x1072  0.91 1.98
©1.00 1.25x107 1.1 2.23
: 710.00 1.25% 10 3.11 7.36
st 1.25x10°  6.38  17.55
100.00 1.25%103  9.39  44.43
. 100.00 | v  1.25x10° 938 42.9%
316,22 | 1.0 1.25x10°  9.52  44.18
31622 | 0.1 1.25x10°  16.24  108.2
1000.00 V0.1  1.25x10° 26.19  270.6
2 1000.00 0.1 0.1  1.25x10° 26.21  270.5
10 ~ 10.00 0.1 0.2  6.25 9.93 6.29
10,00 0.1 0.1  1.25%10 9.80  20.68
10.00 0.1 0.1  -1.25x10 9.82  20.52
7.07 0.2 0.1  1.25x10 9.85  20.15
10.00 0.1 0.059 2.12x10 9.63  21.91
9.19 0.2 0.1  2.11x10 9.69  21.37
13.00 0.1 0.1 2.11x10 9.61  22.23
15,00 0.1 0.1  2.81x10 9.43  23.42
10,00 0.1 0.144 2.84x10  9.41  23.57
'10.00 0.1 0.031 4.03x10 9.07  26.23
12,73 0.2 0.1  4.05x10 9.29  24.41
65
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Table 8:

Continued

%o

AT

Tt

wni

<l S5 <5

max

2 %
max

10 10.00 0.2 0.1  4.05%10 9.29  24.41
17.68 0.2 0.1  7.81%10 8.64  29.20
31.62 0.1 0.1  1.25x10*  8.40  33.00 |
100.00 0.1 1.0  1.25%x10®  8.60  32.35 -
10.00 0.1 0.01 1.25x10%  8.27  32.52 | Y
22.36 0.2 0.1  1.26x10>  8.46  30.86 S
100.00 0.1 0.1  1.25x10° 1056  50.77
100.00 0.1 0.1  1.25x10° 10.57  52.89 ;
100.00 0.1 0.1  1.25%x10® 10.52  50.49 ‘
10,00 0.1 '0.001 1.25x10°  8.40  37.52
7071 0.2 0.1 1.26x10° 10.18  42.34 :
a16.22 0.1 0.1  1.25x10% 16.58  102.4 |
10 0.1 0.0001 1.25x10%  8.26  38.72 -
1000 0.1 0.1  1.25x10° 26.44  263.2
20 80.00 0.05 0,2  2.00x10° 18.88  63.75 }
40.00 0.1 0.1 2.00x10° 18.82  54.47 |
52.00 0.1 0.1  3.38x10° 18.08  63.38 &
104.00 0.05 0.2  3.38x10% 17.33  70.82
60.00 0.1 0,1  4.50x10®> 17.39  69.41 f
©.100.00 .0.05 0.1  6.25x10° 16.14  82.15
144.00 0.05 0.2  6.48x10° 15.94  83.16 :
"'100.00 0.1 0.1  1.25x10° 15.81  84.93 :
. 200.00 0.05 0.2  1.25x10° 15.41  92.45 "
252.98 0.0 02  2.00x10° 15.50  98.72 a
316,22 0.05 0.1  6.25x10° 1673 1187 4
a6.22 0.1 0.1  1.25x10'  17.98  110.3 o
800.00 0.05 0.2  2.00x10" 20.41  183.7 E
1000.00 0.05 0.1  6.25x10* 24.72  211.8 i
1000.00 0.1 0.1  1.25x10° 24.51  184.3 i{
2529.82 0.05 0.2 ~ 2.00x10° 31.90  352.5 :r
8006.00 0.05 0.2  2.00x10° 49.3¢  829.2 E
50 31.62 0.1 0.1  1.25x10% 49.91  89.32 i
100.00 0.1 0.1 1.25x105  48.97  106.2 3
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parameter increases and to then increase. This phenomenon is explanable
as the result of a shift in the average deflection from the buckled posi-

‘tion to the unbuckied beam reference axis. THe mean position of the

buckled beam would tend to shift toward the straight reference axis be-
céuse of the softening spring characteristic for inward deflections and
hardening spring chgracteristic for outward deflections exhibited in Fig.
2. Unfortunately the few results obtained for the variation of the aver-
‘age def]ection with S are insufficient to define the shift. The stress

behavior is not as consistent, however.

4.2 Approximate Analytical Investigation

The computation effort involved in these ca}cu]ations is very great,
éq great as to motivate an approximate analytical treatment of the problem.
The method of equivalent linearization (reference 18) which was used in
reference 15 for unbuckled beams suggests itself as a possible means of ob-

1btaining an approximate solution which can be compared to the numerical in-
tegration result§ for an accuracy check. There are certain complications
in the present case, however, The method of equivalent linearization has
been applied successfully in cases of nonlinearities which imply a zero
mean displacement. In the present case, however, the restoring force is
reasonably symmetrical only for small motion about the buckled equilibrium
position and for large snap-through motion about the straight reference
position. Between these two extremes the mean displacement shifté from

the buckled to the unbucklied position.
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The two extreme cases are considered herein as providing possible

9 T v WL A SA SR A P Y TN L‘

bounds on the RMS di splacements and stresses. The method of equivalent

Tinearization involves replacing the nonlinear terms in each of Eqs.(3.1)

iy - .

by an equivalent linear term. The equivalent linear term is determined

>

by requiring that the mean-square error be a minimum. For small motion -

e L

about the buckled equilibrium position let the nonlinear terms in each of

v ol o g >P 3

Eqs.(3.1) be replaced by a term of the form kmam' Then the errors are

o
- O S

given by

D

o (2n-1) 2 = 1. R 4 ,
e (2m-1) -Nﬁ-r fw°w1+n§1(2n-l) wn:]‘wm 0

I1 > 2-2
+ wcam{?- g% ¥ 2 (2n-1) Wy -kmv'vm m=1,2,3,... (4.4a)

| )
PV o TE oy e W

* n=1l
Then

b
1y
a<e§l> aem . ;
W = o = <emgrm> = <emwm> m=1g2|39-00 (4'4b) ! §

|

yielding '

= (2m-1) 2m- 1) -N +-—-z—§§ o<wlwz> Z} (2n—1 w2>

=

+ Wb 1[2’” w1"'>*‘m§1(2n 1) i w2>] m=1,2,3,... (4.4c) o

Considerations similar to those of reference 12 lead to the following re-

[ By A

sult for white noise
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- © 32k
= - 2 _4r\2 | 1-2 e 1 m ’
km ‘(Zm 1)%1 (2m=1) -No+ AN 2_._, (_"'k +—2—> {4.5a)
. n=1\"n Dmn :

with

. 1 2
Dy = 2(ky k) + Ef(km-kn) (4.5b)

The mean-square deflections are then given by

<UTI2 >=\7¢2+15§ 5 5 Tjﬁlmﬂr—- (.46)
max 0 m=1 n=1 ‘ém-1){2n-1)D .

which is the sum of the square of the'mean" deflection Wy and the mean-
square of the deflections with respect to that mean value. The mean-

square stresses are given by

2
-t _ - - h - @© 1
< Opax) > '(No*"‘o?ﬂ"s ‘.?1 K )

-2 2 ,
| vi[ue(t) 3 5 G
1 m=1ln=1 mn

¢ b 5 L0l

or n=1 Dln
.-2 ® *® 1 . . ."n
. +328°L T (4.7) :
. m=1n=10D
mn 3
Q
N
The average stress is not equal to zero but is given by c;t
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23 = (4.8)

Thus the mean-square stress gwen by Eq.(4.6b) is the sum of the square of

the averaJe stress and the mean-square stress with respect to the mean

value, i.e., A -
st w2 o] % )Y o = (-1)™(on-1)(2n-1)
-6- )¢ =S +16(—) Z I - -
max —av k_1_ "/m=1 n=1 Cron
n-1
s p L0l lip2yn 2 L (a9 :
n=1 in m=1n=1 Dy . i

When motion about a mean straight reference position is considered,
the nonlinear terms in Eqs.(3.1) are replaced by equivalent linear expres-

sions km(wmmoéml). The error is then written as

. {(zm-nz ﬁzm-nz ~Hy - g+ 51(2n-1)2(v'vn+ﬁoan1)2] }(w s ) -
. n= - .

m=1,2,3,... - (4.10a)

so that the criteria for the determiniation of k q are

<e, (w +w0 ml)>= . m=1,2,3,... (4.10b)




- 2 2 = 1-2
km = (2m-1)“](2m-1) -NO- ™o

+ E (2n 1) < (w +w0 1) (wn+w0 nl) >/<(w *“’06 ) > m=1,2,3,...
n=1 (4.11a)

and for white noise is given by

> 32k, \
= (2m-~ 1) (Zm-l) -No -EWO 23 R—-'l‘ -—2—-— (4.11b)
mn
The mean square deflection is now
' -2 y - w© W (-1)
<Wiax> = 185 T T TED(eTI0, (4.12)
while the mea'n square deflection is given by
@ 2
-2 1
<Tmax” ( 74"” % 'R—;)
- ? » @ mEn . _
”65(2_ 5 % el en)
m=1 n=1 mn
2 s y» L
+328° 2 2 -5~ : (4.13)
m=1 n=1 Dmn
which is again the sum of square of the average stress
- R e li2 S o 1
73
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tions are reduced to single summations, thereby simplifying the computa-
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and the mean square stress about this average.

4.3 Comparison of Simulated and Equivalent
Linearization Results

Eqdations (4.5) and (4.11b) were solved by a quadratic iteration
process as in reference 15. The results were found to be quite insensi-
tive to the viscous damping parameter p so that most calculations were
made with this parameter taken equal to zero. In this case 1/Dmn van-
ishes if m is not equal to n and is equal to i/4km if m and n are equal. .

Thus single summations are reduced'to"5'§ingle term while double summa-

tions. Since the numerical integration results involved only three Four-
jer series terms, the number of terms in the approximate solutions were
restricted to three for comparison purposes. The RMS deflections and
stresses predicted by Eqs(4.5) and (4.11b) are shown in Figs. 18 and 19

by the solid and dashed curves together with the points obtained by numer-
ical integration. .

It will be noted that the deflections obtained by the numerical inte-
gration are reasonably bracketed by the two sets of approximate curves.
The RMS deflections with respect to the straight reference position ap-
proach the static buckle deflection for smail excitation and merge with
the curve for large snap-through deflections about the straight reference
position as the excitation increases. For an unbuckled beam (ﬁ0==ﬂo==0)
the equivalent linearization results reduce to a single curve. In this
case the numerical integration and equivalent linearization results are

in very good agreement over a quite large range of the parameter S.
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" The approximate calculations indicate similar RMS deflections from
both equations as the spectral density parameter increases. In agree-
ment with the numerical integratiun results, the deflection for all values
of ﬁa tend to become equal. . The equivalent linearization deflections ap-
pear to become increasingly larger than those obtained by numerical inte-
gration for large S. This disagreement is possibly due to use of the
nathod of equivalent linearization beyond its range of applicability (see,
‘thever ref.16). Certainly the beam is very highly nonlinear for large
deformatidns. It is also possible that the constant time increment used
in the simulation process for the random loading is too large. The aver-
age period of vibration about the straight position decreases as the ex-
citation increases, whereas the time increment over which .the loading re-
mains constant was not decreased. This could conceivably result in de-

" creased deflections. Additional calculations to prove or disprove this
contention would be quite costly, however.

Also shown in Fig. 18 are the critical values of the spectral density
parameter § given by Eq.(3.5). The RMS deflections appear to'only first
depart significantly from the static value at this point rather than an E R
abrupt discontinuity of RMS defiection. 2

Similar agreement is found for simulated and equivalent linearization
results in Fig. 19. There is again a transition of the simulated stresses
from those given for vibrations about the buckled pusition to vibrations
about the unbuckled position. The sonewhat strange behavior of the appro-
priate theovetical results consisting of the stresses of the two approxi-

mate results crossing for large @0’ but not for ﬁo of unity, is confirmed by
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the simulated results. Again the stresses given by equivalent lineariza-
tion deviate from the simulated results for large S. The approximate re-
sults are conservative, howeVer, and are thus useful. Indeed, they may
be more reliable for the reasons c¢iscussed earlier.

Since convergent stresses require the consideration of a large num-
ber of terms, calculations for a parametric study were made with the use
of 100 Fourier series terms. The results are presented in Table S for
vibrations about the static buckled position while results for vibrations
about the straight reference position are given in Table 10. The RMS de-
flection, average stress, and RMS stress with respect to the average are
given for S stress with respect to the average are given for S ranging
from 1072 to 10% for various values of Wo- In Table 9 stress results are
presented for both the top and bottom fibers of the beam under the assump-
tion of h/r equal to v3 (a rectangular section). For vibrations about the
straight position the RMS and average stresses at the top and bottom of a
beam symmetrical about the centroidal axis are identical and are tabulated
in Table 10 with h/r also equal to v3 for that case.

The calculated RMS deflections about the average position are shown
graphically in Fig. 20 and exhibit a regular behavior. The results for
vibrations about the buckled position indicate as expected that the beam
becomes stiffer as the initial buckled amplitude increasing with constant
excitation resulting in decreasing RMS deflectiun. The unbuckled beam

becomes less stiff as the axial load increases and the RMS deflection be-

comes greater for constant excitation. This explains the rasults for beams

of increasing ﬁo vibrating about the straight position since they can be

considered to be unbuckled beams with axial load parameters No greater

than unity and equal to 1+ -}ﬁg
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The stress results are not shown graphically since there is no regular

pattern that can be ploited without producing confusion.
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Chapter 5
EXPERIMENTAL AND ANALYTICAL INVESTIGATION OF
RMS RESPONSE OF CLAMPED BEAMS UNDER RANDOM LOADING

PR 2

<

]
X 3 PR A
P xal AR A
PN (PO SR

. Experimental studies were performed to investigate the degree of ti
L
agreement between analytical and experimental results. These experimen- L
" tal set-ups were guided by previous investigations ¢f the effects of

structural heating on aerospace vehicle structures loaded by random uni-

form pressure (reference 1).

5.1 Test Spécimens

The material of the test specimens was aluminum Type 2024 Ducommun,
which has a Young's modulus of 10.6x 10% psi and 0.1C 1b/in®. The ma-

terial was flexible enough to be snapped or excited by uniform sound praes-

sure. The beam specimens were 8.125 in. long. and 1/4 in. wide, and had a E?

. r

thickness of 0.02 in. E

5.2 Test Set-up v
X

The overall test set-up for the nonlinear vibrations of the straight -

and buckled beam is shown in Fig. 21. The schematic set-up for measuring '}

. the strain response of the Leam is shown in Fig. 22. A speaker with a 12 E;
in. diameter was attached to one end of a tapered acoustic box. The other =

’ end is closed by a slotted board to which specimens were mounted (Figs. 23 §
and 24). The noise emitted Dy the speaker impinges on the beam specimen §

i

through the slot. A utruin gage wis installed at the beam center for mea-

surement of the strain response of the beam. The box was made from one-
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A calibration set up sketch for measuring sound pressure level vs. RMS

. N
ol
inch and 3/4 in. plywood, so that it had the required rigidity to prevent .é
vibration interaction with the speaker. !Q
3
5.3 Sound Pressure Level Calibration i

vaiues of input voltage for the speaker is shown in Fig. 25. The microphone

...A
~’l l.' 4 2
AL A& 0 _ ¢

supplied with the sound level meter was a prezoelectric ceramic microphone
developed expiessly for sound level meter use. To give a flat response to
sound of random incidence from 20Hz to 12 KZ, a sound level meter was used

of type 1551-C GenRad.

S — "
ETIPRIRLELY . 4 3R

RAIA v

¢

The sound level meter was first calibrated linearly. Then, the con-
stant values of knobe for a different scale (NOBE) in terins of psi per volt
was obtained using a sinusoidal signal. THe calibration curves are shown
in Fig. 26.

To measure the power spectral density of the signal in terms of (psi)?-
sec., a spectral analyzer was used (HP Type 3850) and the scope unit of the
spectral analyzer was photographed. From those photographs, the power spec-
tral density of output signal of the sound level meter So in units of
(psi)z-sec. can be determined by squaring the amplitude of scope, dividing
it by the bandwidth of spectral analyzer, and then multiplying by the square
of the constant vaiue of knobe and the square of the beam width. The band-
width of the spectral analyzer was 30Hz and the time sweep was 10 seconds
per division. The calibration curve of RMS input voltage versus S, the
nondimensional spectral density parameter, found by these measurements is

shown in Fig. 27.
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nfﬁ The distribution of sound pressure level across the board slot of

acoustic box for sinusoidal signal with frequency 115Hz is shown in Fig.

F N

E@ﬁ 28. As can be seen from the figure, the pressure across the slot is al-

L.}_‘.‘A

K .

}:ffﬁ; most uniform.

% -
et 5.4 Test Procedure |

TINED
.

T
T .,

PN
Fititata
Lot L s

The beam was mounted on the slotted board (see Fig. 29) and was sub-

Jected to pressure history which was generated by a random noise

L

YoN

@35 generator (General Radio Type 1381) with range of frequency from 2Hz to
‘.‘;ﬁ{ :

§§$: 2000Hz. The signal was amplified by a power amplifier with maximum power

of about one hundred watts. THe RMS input voltage of the speaker was mea-

sured by an RMS meter (B&K Type 2409) with a bandwidth of 3Hz in 100 sec. !
The output of the strain gage was calibrated by using a dial gage indica-

tor so that the calibration factor was 100 win/in per 16.6 mv
(= 100 p_in/in ). Then the RMS value of the dynamic strain of the beam,

w 16.5 mv

‘;; i.e., the RMS value of the total strain minus the static strain, was mea-

;ii sured by using an RMS meter with a bandwidth of 3Hz in 100 sec. During a

gij test run, the experimental data was collected within a period of about two

Eﬂﬁ to three minutes, in order to obtain almost constant value for the strain.

k&v The value of the excitation parameter S was obtained by using the calibra-

Eﬁ; tion graph of RMS input voltage of the speaker versus the power spectral |
'4 density of sound-pressure level (Fig.27). ‘

,\,l‘._&;;,

The power spectral density of input voltage o/ the speaker was found
to be relatively constant, approximating white noise (Fig. 30). The spec- ’ :
tral density of the acoustic pressure was not uniform, however, due to the

effects ¢* the speaker distortion. A vepresentative acoustic pressure

DK o Al o ol

98
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spectrum at the box opening during random loading test of beam specimens

is shown in Fig. 31. In the spectral analysis shown in Fig. 31, the an-
alysis bandwidth was 30 Hz and the sample being analyzed was of 50 sec.

duration.

5.5 Measurement of Damping Coefficient

Probably the most frequently used experimental method is measurement
of the decay of free vibrations. When a syztem has been set into free vi-
bration by any means, the damping ratio can be determined from the ratio
of two displacement amplitudes measured at an interval of m cycles. Thus,
if n is the amplitude of vibration at any time and L J is the amplitude
m cycles later, the damping ratio is given by

8
¢ = zm (5.1)
where
v
n
6 = p —— (5-2)
m Vi+m :

The response curve of aluminum beams for the critical damping ratio
€, shown in Fig. 32, was measured by a strain gage at the center of the
beam. The value of { calculated by using Egs.(5.1) and (5.2) was found
to be 0.05. |

The damping per unit length 8§ is equal to 2pAw1c where the first cir-
cular natural frequency of the beam wy is given by

= Znf (5.3a)
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Fig. 32.

Response Curve for Finding the
Critical Damping Ratio ¢
(£=0.0%, E=10.6 x106ps1)
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with

(%)
£, = 1.083(E .3
9 .20

For aluminun

p = 4ml0:1)(0-021(0.25)(63)(0.05) 5,17 x 105 1p-sec./in?  (5.4a)

and

- 1
a = (.23 5.4b
b | (5.4)

5.6 Beam Subjected to Random Loading

The beam was tested in the unstressed and unbuckled position and also
was compressed to buckle with the.non-dimensional initial static deflec-
tion Go approximately equal to 21.6, 28,8 and 55.3. The values of Qo were
obtained from the static strain measurements and the theoretical relation-

ship for the maximum static strain of a buckled clamped beam.
n2r2 -
Sstatic * Tz (#VIZi) (5.5)

The RMS dynamic strain € dynamic relative to the static strain was measured

by another RMS meter (B&K Type 2419). A typical record of strain spectral
density is shown in Fig. 33. The RMS values of the non-dimensional dynamic
stress parameter at the center < (5-csp)2>}§ which is equal to ¢ dynami C(L/m‘)2

are shown in Table 11. Unfortunately the power imparted to the beam was
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Frequency (HZ)
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insufficient to cause snap-through, a fact which was not ascertained until

very late in the investigation.

5.7 Analytical Investigation

An approximate anglytica! investigation of the RMS stresses and de-
flections of a clamped beam which vibrates about the buckied equilibrium
position was made by expanding the beam deflection function in & series ;
of symmetric normal modes of vibration of the straight beam

W= D g () . (5.6)
m ,
. } \ '(-

where Hm(c) is the mth vibratien mode of the unstressed beam satisfying the

relations -

4
d ﬁm )}
~Z " YS _ (5.7a)
dC Wom
1 .
| f g.8.00 = 6y _ (5.7b)
0

—y e .-
(4% 5
£ "

X
Sl

™

ST,

The modal functions and their derivatives are tabulated in reference 19.
Various integrals involving the modal functions are evaluated in reference
20. |

Equation {1.5) with the aid of Egs.( 1.4),(1.5a), and (5.7) and the
use of the Galerkin method then yields the follewing equations for de-

termining W .
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| =22 ——2 s, - S’"A-q(t) (m=1,2,...) (5.8)
L"pA
with
N = —No +£‘L-2'[%§Kmnm n -on WOEG WJ : (5.9)
1
fap,
Q, *fﬁm(C)dC = (6.10)
0 m

amym(aemym-Z) if m=n

2 (5.11)
8Ym (&Y< Yy)

.
Y:”Ym

if m#n

1

G, -‘_éﬂm(c) cos (2n()dC

4
4o v
= T--” L (5.12)
Ym-lﬁn

and ¢y and Yo are tabulated in reference 19.
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The application of the method of equivalent linearization, whereby

the terms in Eq.(5.8) involving the deflection coefficients are replaced g
by km"’:"m’ then vields the following equations for k 3
m X
:
-2, & © 22 1
256w0kmym ® oY, - {
LI e 221 (y*-16n")D q
Y=o REE Wy mn
6Py k. © K o 2%-kS ’ 'j
. Yin'm » Jmtn Ym'm 3
« ~ . y.D a ;
m n=1 'n"mn m

o caa XK K +2!SmK

L T L /Ata mpha tenpg (5.13)

n=1p=1q=1Yn'p¥q mp-ng

The RMS displacements are now given by

1), (1
- ¢ ( )ﬁ
2 2, 16085 & 3 M0WAZ "(Z) (5.14)

<W... >=W
max 0 m=1 n=1 Yin¥nCmn

The average stresses are obtained from

- . @ o aoK .
gt = Wy e T T fLp (5.15)
m=1 n=1 Ym'n"mn

and the RMS stresses with respect to this mean are given by

R

S e ..-\.-4 < _\---. Ta™ ¥ . .
»"....-4 WY o:"-!(k "-_'f 4T Tty
(=N - BN Wl Rl T e ¥ Y Rk T et




- - | - ® ® o ® oo K
< (Umax-aav)% < 12&_‘852 2 Z 3} z Mnp ED‘IEDDQ

. @® o ga B 6
+6anis » » LD
m=1n=1 Ym'n"mn

2

. ®» = d° a 16

+emtwls & oz o _wam
m=1ln=1 dg Ym¥n"mn

Some calculations were made of the RMS stress with respect to the static

stress

. L & L oh-
Ietatic = “Not2y¥p (5.17)

<(o

- -2
>-20,Fstatic T9static

max"o static)% = <Onax

=<(G 5. )25 +(5 )2

“max Cav (5.18)

av*gstatic
The results with u taken equal to zero for convenience are compared

with the experimental results in Fig. 34. The experimental results are
seen to be considerably lower than the theoretical results. One cause of
this discrepancy may be conjectured to be the effect of the center strain
gage which tends to stiffen the beam yielding smaller deflections and
stresses. Another source of error is the nature of the random loading which
is not white noise when 1t impinges on the beam. The effect of a non-

constant loading spectrum is unexplored, however.
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CONCLUSIONS Rl

o

AN

The present investigation serves to cast some light in the behavior +f

of initially buckled beams u.ider random loading. A reasonable indication

P £

o7 the critical spectral density of loading required for beam snap-through

e

d RN
LY WY RN

appears to be the vanishing of the average zero-crossing frequency of the

a a e -n
Fhy T Ty T
ARSI I

beam. While this criterion does not lead to a completely precise value,
due to the lengthy calculations required, an estimate of the critical power

spectral density parameter has been obtained as

§ = 0.0014

An investigation of the RMS response of initially buckled simply supported
beams does not reveal any drastic change in the vicinity of the critical
spectral density. The onset of snap-through does herald the possibility
of stress reversal, however,

Bounds in the RMS response have been obtained by considering vibra-
tions about the initial buckled position as an average and about the
straight reference position as an average, together Qith the method of
equivalent linearization. The results cbtained by numerical simulation
of random loading indicate a smooth transition from the first to the sec- ~
ond type of behavior and in the limit are in good agreement with the ap-

proximate analytical values. The agreement between theory and experiment

for clamped beams is reasonable, but not conclusive.
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The results obtained suggest the need for better experimental as
well as better analytical techniques to furnish the required data. While
useful results have been obtained by numerical load simulation and in-
tegration of the differential equations of motion, the calculations are
quite costly and time consuming. Further studies on methods for esti-
mating the respo::. of highly nonlinear structures for random loading

are thus required. These results are needed, to some extent, prior to

AP AP AV P AN % W IR ST IS LRV - 35 U A LI

experimentation to help delineate the type of data to be measured and
the power requirements for the loading. the present experimental inves-
tigation would have profited from a delay until analytical results were

obtained.
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APPENDIX A
PROGRAM DRIBB3 FOR THE DETERMINATION
OF SNAP-THROUGH PROBABILITY
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APPENDIX B

PROGRAM DRiBBZ FOR NUMERICAL INTEGRATION
OF THE- EQUATIONS OF MOTION
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Sep 15 98 11:02a

DEPARTMENT OF THE AIR FORCE
AIR FORCE RESEARCH LABORATORY
WRIGHT-PATTERSON AIR FORCE BASE OHIO 45433

9-14-77

MEMORANDUM FOR: Defense Technical Information Center/OMI
8725 John J. Kingman Rd, Suite 0944
Ft Belvoir, VA 22060-6218

FROM:  Det1 AFRL/WST
Bldg 640 Rm 60
2331 12th Street
Wright-Patterson AFB OH 45433-7950

SUBJECT: Notice of Changes in Technical Report(s) .( 426 e )
Please change subject report(s) as follows:
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